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In a recent work [R. Shojaei et al, Physical Review E 100, 022303 (2019)] the Authors calcu-
late numerically the critical temperature Tc of the balanced-imbalanced phase transition in a fully
connected graph. According to their findings, Tc decreases with the number of nodes N . Here we
calculate the same critical temperature using the heat-bath algorithm. We show that Tc increases
with N as Nγ , with γ close to 0.5 or 1.0. This value depends on the initial fraction of positive
bonds.
The concept of structural balance (Heider balance) is
well established in social psychology, and it has coun-
terparts in computational science, in particular in sim-
ulations on networks [1]. Sites i = 1, · · · , N in a net-
work represent actors, and bonds xij = xji represent
relations between them. For friendly relations xij = +1,
and for hostile ones xij = −1. In each balanced state
xijxjkxki = +1 for each triad ijk. Departures from the
balanced state are usually calculated via the mean value
of the product xijxjkxki. The evolution should drive the
network towards balance, and various algorithms have
been designed with this purpose [1, 2].
Recently the problem has been treated with methods
of equilibrium statistical mechanics, with the mean value
of xijxjkxki as energy U [3–5]. In particular, the critical
temperature Tc has been calculated numerically for the
balanced-imbalanced phase transition. For T < Tc the
energy U is close to −1, while above Tc its value is near
zero. Our comment is on the dependence of Tc on the
system size N . In Ref. 5, this dependence is shown on
Figure 6a; there, U is presented as function of thermody-
namic beta β = 1/T for different values of N . When N
increases, the jump of U from zero down to −1 is shown
for larger values of β; this means that Tc decreases with
N .
The results of Ref. 5 are obtained with the Glauber
dynamics. Below we present results of our simulations
of Tc(N) with using the heat-bath algorithm. The time
evolution of a link xij(t) is given by the rule
xij(t+ 1) =
{
+1 with probability pi,j(t),
−1 with probability [1− pi,j(t)], (1a)
where pi,j(t) is given as
pi,j(t) =
exp[ξi,j(t)/T ]
exp[ξi,j(t)/T ] + exp[−ξi,j(t)/T ] (1b)
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and
ξi,j(t) =
∑
k 6=i,j
xik(t)xkj(t). (1c)
Equation (1) is applied synchronously to all edges.
Below we show that the critical temperature Tc de-
pends on the density ρ0 of positive bonds at t = 0 as
Tc(N ; ρ0) ∝ Nγ(ρ0) (2a)
where
γ(ρ0) ≈
{
1
2 for
∣∣ρ0 − 12 ∣∣ < 0.1,
1 for
∣∣ρ0 − 12 ∣∣ > 0.1. (2b)
Summarizing our numerical results, the data shown in
Figures 1 and 2 indicate that the critical temperature
Tc increases with the system size N . Namely, Tc ∝ Nγ ,
where γ > 0. The exponent γ depends on the initial frac-
tion ρ0 of positive links. Within the numerical accuracy,
the results on Tc are symmetric with respect to ρ0 = 0.5,
i.e. γ(ρ0) = γ(1 − ρ0)—see Table I. This symmetry is
due to the fact that both two positive and two negative
bonds xjk and xki contribute to a positive value of xij
in the next time step. Once there is an excess of bonds
of a given sign (plus or minus), in the next step posi-
tive bonds prevail. This is shown in Figure 3, where the
density ρ of positive bonds tends to 1, if only its initial
value is not too close to 0.5. (The latter case is discussed
later in the text.) Further, if the mean value of xij is
different from zero, adding a n-th node enhances the ef-
fective field ξij by xinxnj , which is more often positive,
and therefore the critical temperature increases linearly
with the system size.
The case when the mean value of xij is close to zero
(ρ0 ≈ 0.5) is different. Our numerical results show that
ρ = 0.5 is a stable fixed point of the time evolution. This
is because near this point the product xikxkj is positive
or negative with equal probabilities, the values of ξij os-
cillate around zero, and the mean value of pij(t) is 0.5;
hence xij = ±1 with the same probabilities also in the
next time step. Then the absolute value of the mean local
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(f) ρ0 = 0.55
-1
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
 0
 0  50  100  150  200  250
N=
100
144
196
256
324
400
U
T
(g) ρ0 = 0.6
-1
-0.9
-0.8
-0.7
-0.6
-0.5
-0.4
-0.3
-0.2
-0.1
 0
 0  50  100  150  200  250
N=
100
144
196
256
324
400
U
T
(h) ρ0 = 0.8
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(i) ρ0 = 1.0
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FIG. 1: System energy U = −∑xijxjkxki/(N3 ) dependence on temperature T for various initial concentration of
positive bonds and various system size N . In Figure 1i the dashed black lines show mean-field approximation results
for ρ0 = 1 based on Ref. 3. For each value of N , the mean-field results coincide with those from our simulations.
(a) Tc(N ; ρ0)
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(b) Tc(N)
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FIG. 2: Critical temperature Tc for various initial concentration of positive bonds and various system size N . In
Figure 2b the solid green line shows mean-field approximation results for Tc(N ; ρ0 = 1) [3].
3TABLE I: Exponent γ and its uncertainty u(γ) as dependent on initial density ρ0 of positive bonds.
ρ0 0.0 0.1 0.2 0.3 0.4 0.45 0.5 0.55 0.6 0.7 0.8 0.9 1.0
γ 1.0210 1.0210 1.0208 1.010 0.983 0.487 0.49155 0.48672 0.958 1.017 1.0208 1.0210 1.0210
u(γ) 0.0032 0.0032 0.0069 0.015 0.029 0.014 0.00044 0.00096 0.020 0.010 0.0088 0.0032 0.0032
(a) T = 20
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(b) T = 120
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FIG. 3: Time evolution of density ρ(t) of positive links for N = 256, (a) T = 20, (b) T = 120.
field ξij should be evaluated from the standard deviation
of its distribution. The latter increases with N as
√
N .
These arguments find support also when we compare
the results of Figure 2a with the data in Figure 3a. The
temperature T = 20 is lower than the critical tempera-
tures for all values of ρ0. As we argued above, the case
ρ = 0.5 is a fixed point, yet except for this value, all
curves ρ(t) tend to 1.0. On the contrary, T = 120 is
higher than Tc for ρ0 between 0.25 and 0.75, and ρ(t)
tend to 0.5 precisely for these cases (Figure 3b). This is
an indication, that for T > Tc the thermal noise restores
the symmetry of the distribution of xij around zero.
The state with ρ = 0.5 is absorbing, what can be
demonstrated in the following thought experiment. We
start the system at low temperature (below Tc) and
ρ0 = 0.8. As shown in Figure 3a, the density ρ increases
to almost one. Then we heat the system above Tc, which
is high (Figure 2). In these conditions ρ tends to 0.5.
To reach the balanced state, we have to cool the sys-
tem down below the critical temperature, which is lower
now. Yet further manipulations with temperature do not
modify the density ρ, which remains equal to 0.5.
Main point of this comment is that the increase of Tc
with N reported above is in contradiction with the result
of Ref. 5. Moreover, the increase of Tc with N is sup-
ported also in Ref. 3 by simulations with the heat-bath
algorithm for ρ0 = 1, (i.e. in the vicinity of Heider’s
paradise; Table 1 there) and by the crude mean-field ap-
proximation yielding Tc ≈ (N − 2)/1.71649.
It seems unlikely to us that the computational algo-
rithm (the heat-bath vs the Glauber dynamics) or links
update order (synchronous vs sequential) could be re-
sponsible for such a clear departure of the results.
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